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Some applications of system of coincidence
theorems in Constrained equilibrium Problems
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1. Introduction.

In 1966 [7], Fan established the well-known coincidence theorem and ap-
plied it to the well-known minimax principle. There are a lot of extensions
and generalizations of this coincidence theorem, see [4], [8], [16]. Latter,
Park, Ansari and Yao gave some coincidence theorem in the system situa-
tion, and applied them to quasi-variational inequality, equilibrium problems,
section problems and so on.

Recently, much attention has been attracted to equilibrium probelms with
vector payoffs in game theory; for instance, see [5], (6], [18], [19]. One of
the reasons is that multicriteria models can be better applied to real-world
situations. |

In this paper, we first give another type of system of fixed point theorem,
by using the system of fixed point theorem introduced by Ansari and Yao [2].
As application of the system of fixed point theorem of Ansari and Yao, and a
continuous selection theroem of Horvach [9], we give several Ky Fan type sys-
tem of coincidence theorems, and applied them to establish some contrained
weight Nash type equilibrium theorem and constrained vector [resp. weak
vector| Nash type equilibrium theorems. We consider the problem of finding
T = (Zi)ier € X, ¥ = (Ui)icr € Y and z; € Fi(Z,7;) such that for each ¢ € I,
Z; € T;(9), ¥ € Si(Z) and

z — % ¢ —intD; for all z; € Fi(F, ;) and for all y; € S;(F)
where {X;} is a family of convex subsets each in topologicdl vector spaces

(in short t.v.s.) Ey, {Y:} is a family of convex subsets each in t.v.s. V;, {Z;}

is a family of t.v.s. and D; C Z; is a closed convex solid cones. X = H X,
' iel
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Y =[]V Fi: X xY,—oZ; is a payoff multimaps, 5; : X-—o Y, and 7} : ¥ —Xj
are cgﬁstramfsd multimaps.

In this problem, we have two families (say family A and B) of players,
and the payoff function is a vector valued multimap. For each strategy, we
have many choice of vector-valued payoff from a multivalued payoff function
F; for the ith player in the family B. The payoff function F; of the ith
player in family B depends on the strategy combination of family A and the
strategy of the ith player in family F. We want to find a strategy combination
z € [[X: of family A and a strategy ¥; € Y; of the ith player of family B,
and -::Tl{:mse a payoff %; € Fi(z, ;) with relation z; € Ti(y) and %; € S:(Z) such
that payoff z; of the ith player in family B is a weak minimum of F;(#, S:(Z)).
This kind of problem is different from the Nash equilibrium problem and has
some applications in real world.

In the Nash equilibrium problem, the payoff function is a single function,
we cann’t have many choice of payoff for each strategy. The payoff function
depends on a strategy combination of one family of players, not on a strategy
conbination of family A and the ith strategy of player B. In Nash equilibrium
problem, the strategy does not subject to comstrains. In our game the ith
strategy of player B relates to the strategy combination of players in family
A and the ith strategy of player in A realate to the strategy combination of
players in family B.

In this paper, we apply the system coincidence theorem to establish the
existence theorems of this kind of problem. We also establish some weighted

equilibrium theorems.
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2. Preliminaries.

A multimap T : X —oY is a map from a set X into the power set of a set
Y. Let 77 : Y-—oX be defined by z € T~y if and only if y € Tx.

For topological spaces X and Y, a map T : X—oY is said to be closed if
its graph G.(T) = {(z,y)|z € X,y € T'(z)} is closed in X x Y; to have open
fiber if 7 (y) is open for all ¥ € Y; and to be compact if the closure T(X) of
its range T'(X) is compact in ¥; to be upper semicontinuous (in short u.s.c.)
if for every « € X and every open set V in Y with 7'(z) C V, there exists
a neighborhood U(z) of z such that T'(u) C V for all w € U(z); to be lower
semicontinuous (in short ls.c.) if for every z € X and every neighborhood
V(y) of every y € T(z), there exists a neighborhood U(z) of x such that
T(u) N V(y) # 0 for all v € U(z). and to be continuous if it is both u.s.c.
and l.s.c..

Let Z a real topological vector space and D a convex solid cone in Z. let

Y1, Yo € 2, we denote that
<y if yp—wyy €D and

Yi < Y2 if Yo — Y1 € intD.

Also we denote that D* = {@ € Z*|{p,u) = 0 for all u € D}.
In this paper, for each given m € IN, we denote by IRT the nonnegative

orthant of IR™, i.e.,
RT := {u = (u',..u™) € IR™ such that v/ > 0 for j = 1,2...m}.
and,

intRY = {u = (u', .w™) € IR™: v >0 forall j =1,2...m}.
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Let I be an finite or infinite index set. For each i € I, let X = [[;; X,,
X* =1l er 2 X; and we write X = X* x X;. For each z € X, x; € X, denote
the ith coordinate and z' € X the projection of X on X* and we also write

x = (', 7).

The following definitions and lemmas are needed in this paper.

Definition 1[3]. Let Z a real topological vector space and I a convex
solid cone in Z. A function f : Z — IR is said to be monotonically increasing
(resp. strictly monotonically increasing) with respect to D if f(a) > f(b) for
alla —b e D (resp. f(a) > f(b) for all a — b € intD)

Definition 2[15]. Let X be a nonempty subset of a Hausdorff topological
vector space E, Y be a nonempty subset of a topological vector space V. We
say e DKT(X,Y) if Y is convex, and there exists a multimap B : X oY
with co(B(z)) C F(z) for all z € X, B(z) # 0 for all z € X and the fibers
B~ (y) are open (in X) for each y € V.

Definition 3{12,14]. Let X be a nonempty convex subset of a real topo-
logical vector space FE, Z a real topological vector space and DD a convex
solid cone in Z. Let F': X—o Z be a multimap, F is said to be D-convex
if for every z;, 7o € X, A € [0,1], 41 € F(z), y» € F(z2) there exists
y3 € F(Az; + (1 — A)zg) such that

Ay + (1 — Ay Zp ys.
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F is said to be D-quasiconvex if for any z € Z, the set

{x € X| there is a y € F(x) such that z — y € D} is convex.

Definition 4. A strategy combination (Z,7) € X x Y is call a weak con-
trained vector equilibrium of a game (N, { X }icav, {Yihienv, {Fibien, {Sitiew,
{Titien) it T = (Zidienw € H Xi = X, ¥ = (Ui)ienw € Hyl such that
z; € Ti(g), 4: € S:(Z) and f:gvﬂ{‘x,yi) satisfying z; — 2 sjéte—l-wintﬁk* for all
z € Fi(#,y;) and for all y; € S;(x), where F; : X x Y;—olR*, S, : X—oY; and
T; : Y —oX; are multimaps for each i € IN, and S; : X —oY; is defined by
Si(x) = S,(z) for all x € X,

Definition 5. A strategy combination (Z,%) € X x Y is call a contrained
weight equilibrium with respect to the weight vector W = (W,,..W,) of a
game G = (X;,Yi, F;, S;, Ti)ienw if & = (Ti)ienw € |[ Xi = X, 7 = (@i)ien €

ey

H Y; such that #; € T(%), % € S:(z) and 2, € F,(%, ;) satisfying
i

(i) W; € IRS \ {0}; and
(i) Wi (z) < Wi - () for all z € Fi(%,y) and for all y; € S;(F), where
F., S;, T; and S; are same as Definition 4, and " - " denotes the inner

product.
Remark. (a) In particular, when W; € T} for all i € IV, the strategy

# is said to be a normalized constrained weight equilibrium with respect to

W, where T% is a simplex of IR*, i.e.,

ky )
T_'T_‘ = {u=(u},..u") € H?f_| Zw" =1}.

3=1
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Lemma 1[2]. Let I be an index set and for each 7 € I, let {E;} be
a family of Hausdorff t.v.s.. {X,} be a family of nonempty convex subsets

with each in F;. Let X = [[ X;. For each i € I, let H;, F; : X—0X; be two
el
multimaps. Suppose that for each i € [

(i) for each = € X, coFi(z) C Hi(x);
(ii) X = U{intF, (z;) : 7 € X;}

(1ii) if X is not compact, assume that there exist a nonempty compact con-
vex subset C; € X; and a nonempty compact subset B of X such that

for each x € X'\ B there exists y; € C; such that = € int xS (y:)

Then there exists a T = (T;)ier € X such that 7; € H;(Z) for each i € I.
Remark. If X is compact, then (iii) is true automatically.
Lemma 2[9]. Let X be a compact space, Y a convex subset of a topo-
logical vector space, H, ' : X —Y . Suppose that
(i) for each z ¢ X, M € (F(z)) implies coM C H(xz);
(ii) X =U{intF (y):ye Y}

Then there is a continuous function f : X — Y such that f(z) € H(z) for
all z € X.
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Lemma 3[13]. Let Z be a topological vector space, D a closed convex

solid cone. Then for any fixed e € intD and z € Z,
ply) = min{i S IRly cztte- D}

is a continuous and strictly monotonically increasing function from 2 to IR.

Lemma 4[1]. Let X and Y be two t.v.s, T : X —Y be a multimap.
(a) If T is an w.s.c. multimap with closed values, then T is closed.
(b) If X is compact and T is w.s.c. with compact values, then T(X) is

compact.

Lemma 5[10]. Let X be a convex subset of topological vector space E,
Z be a topological vector space, I} a closed convex solid cone. Let F : X —<Z

be a multimap. For any fixed e € intD and z € Z, let
ply) = min{t € R|ly € z + te — D}

If I'is D-quasiconvex, then pF : X —olIR is IR*-quasiconvex.
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3. System of fixed points and coincidence theorems.

As a simple consequences of system of fixed point of Ansari and Yao [2],

we obtain another type of system of fixed point theorem.

Theorem 3.1. Let {X;} be a family of nonempty convex subsets each in
a locally convex quasi-complete t.v.s. E;. For each i € I, let Fj, Hi: X—oX;
be multimaps such that H; is compact. Suppose that for each i € [
(i) for each x € X, coFi(x) C Hi(z);
(ii) X =U{mtF; (x;) : = € X3}
Then there exists a & € X such that Z € H(z) = [ [ Hi(z); that is, &; € H(Z)

ief
for each i € I.

Proof. Since for each i € I, H; is compact, there exists a compact
subset Q; C X; such that H;(X) C Q; for each i € I. Let K;=co(); then
K =] K; ¢ X is compact and convex.

By (ifffor each i € I and for each z € K, coF;(x) C Hi(x). For each i € I,
Fi(z) C Hi(z) C Qi C K; for all z € K, and F; (y;) = 0 for all 3; € X\ K.
By (i), for each i € I, K = U{intx F; (x:) : @ € Xi} = U{intg Fi™ (z4) -
z; € K;}. Since K is compact and convex, then by Lemma 1, there exists a

¥ € K such that & € H(Z).Then the proof is complete.

As a simple consequence of Theorem 3.1, we have the following Corollary.



10 BT

Corollary 3.1[15]. Let {X;} be a family of nonempty convex subsets
each in a locally convex quasi-complete t.v.s. E;. For each i € 1, let H; €

DKT(X, X;) is a compact multimap.Then H has a fixed point.

Proof. Since for each i € I H; € DKT(X, X;), then by the definition of
DKT(X,X;) there exists a multimap F; : X —0.X; such that coF(z) C Hi(z)
forallz € X, Fi(z) # 0 for all z € X and the fibers F; ™ (z;) are open in X for
all z; € X;. Since for each i € I and for all z € X, Fi(z) # 0 and F,"(x;) is
open for all x; € X;, for each i € I, X = U{intF."(z;) : 7; € X;}. Therefore
all conditions of theorem 1 are satisfied, hence there exists a ¥ = (Ti)ier € X

such that &; € H;(Z) for each i € I.

As a consequence of Lemma 1 and a continuous selection theorem of Horvach

[9], we have the following coincidence theorems.

Theorem 3.2. Let { X;} and {Y;} be families of nonempty convex subsets
each in quasi-complete t.v.s. E; and V] respectively. For each ¢ € I, let F},

H;: X—=oY;; 5., T; 1 Y — X, be multimaps . Suppose that for each i € T,
(i) for each z € X, coFi(z) C Hi(x);

(il) X = U{intF;"(y:) : y; € Yi};

(iii) for each y €Y, coS;(y) € Ti(y);

(iv) Y =U{intS; " (z;) 1 z; € X}

(v) T} is compact

10
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Then there eaist £ = (z;)ic; € X and § = (¥ )ier € Y such that §; € Hi(z)
and #; € T;(y), for each i € I.

Proof. Since for each ¢ € I, T} is compact, there exists a compact subset
Q: C X; such that T3(Y) € @, for each i € I. Let K, =co@; and K = || K,
then K is a compact and convex subset in X. “
By (i), for each z € K, coFj(x) C Hi(x);
By (i), K = U{intxF; (y) : y; € Y;}. It follows from Lemma 2 that for each
i € I, there exists a continuous function f; : K — Y; such that f,(z) € H;(z)
for all z € K. Let f: K — Y be defined by f(z) = [] fi(z), and let
P, W; : K—oK; be defined by W;(z) = Si(f(z)) and F(z) jgﬁ{f{x)) for all
z € K.It is easy to see W;™ = f=1(5,7 ().
By assumption (iii) for each ¢ € I and for all z € X, coW;(z) =coSi(f(z)) C
T f(x)) = Py(x) and since S;(Y) C Ty(Y)} C @; € K;, hence by assumption

(iv) and the continuity of f

K=f4Y)= '[U{mts ca; € Xi})

= f‘l[U{mtS’ cx; € K}

c Jlintf (S (m)) - 1 € Ky}

= J{intW,;"(z;) : 2 € K;} C K.
Hence,

K = J{intW; " (z;) : z; € Ky}
Then by Lemma 1, there exists a 7; € Ti(f(x)). Let ¥ = (¥;):es such that
ij = f(Z), then for each i € I, §; € Hy(z) and z; € T;(y). Therefore the proof

11
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is complete.

Theorem 3.3. Let {X;} be family of nonempty convex subsets each in
tovs. Fy. Foreachie I, let Fy, H;: X—oX; ; 5;, T; : X—0X; be multimaps
. Suppose that for each i € 1,

(i) for each x € X, coki(z) C Hi(x);
(il) X = U{intF;"(y) : v € Xi}s

(iii) there exists a nonempty compact subset K of X and compact convex
subset C; of X; such that for each z € X \ K, there exists a ; €

such that z € intF, ™ (;);
(iv) for each y € X, coS;(y) C Til(y);
(v) X =U{mtS; (x;) : z; € Cy}
Then there eaist & = (Z);; € X and §j = (F;)icr € X such that for each

i€ I, g € Hi(z) and ; € Ty(y).

Proof. Since K is compact and K C X C U{intF; (y:) : 5 € X;}. then
there exist {y}, v2..y7} € X such that

Kc CJ {intF;~ (y!)}
=1

From (iii} we have

X\ K | J{intF;~(z;) : 2 € Ci}

12
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For each 1 € I, let €Q; =co{C; U {y!, y7..y'}}, since C; is compact convex,
then @; is compact and convex foreach 1 € I. Let Q@ = ” @J;, then @) is also

icf

compact and convex. Hence, for each ¢ € [

Q\K C Uit F (z) : zi € Ci} | {intFy (2) - v € @i}

and,
K < {intF ()} © UGintFr (2) - 2 € Qi)
therefore,
Q c U{intF; (2) - 2 € Qi)
S0

Q= U{inthf () 2 € Qi)
Since @ is compact and convex, it follows from Lemma 2 that for each ¢ € 1,
there exists a continuous function f; : @ — @ such that fi{(x) € H;(z) for all
r e Q. Let f:Q — @ be defined by f(x) = H filx), and let P, W, : Q—o();
be defined by W,(z) = S,(f(z)) and P,(x) ffi’;{f{:e:)} for all z € Q. It is
easy to see W,” = 1S, (z;)).
By (v}

X = HimtSi~(v) -y € Ci} < | NintSi™(w) : v € @i}

hence,

Q =U{inteS:™(y) : v € Qi}
By assumption (iv) for each i € I and for all z € X, coW,(z) = coS;(f(z)) C
Ti(f(x)) = Pi(x), hence by assumption and the continuity of f

Q=f1Q) = [ UlintgS:~(v) : y € Q:}]

13
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< Hintof (S (v)) 1y € Qi}

=UlinteWi (y) 1y e i} CQ
Hence,

Q = HintoWi (v) : y € Qi}-
Then by Lemma 1, there exists a Z; € Fi(%) = T;(f(z)). Let § = (§i)ier such
that § = f(Z), then for each i € I, §; € Hi(z) and & ¢ Ti(7).

Theorem 3.4. Let {X;} and {Y;} be families of nonempty convex subsets
each in t.v.s. E; and V; respectively. For each i € [, let F}, H; : XY, ; 5,
T; : Y —oX; be multimaps. Suppose that for each i € T,

(i) for each x € X, co][ Fi(z) C || Hi(z);
iel el

(i) X =Ulint(J[ F) () :w e Y}

i€l
(iii) there exists a nonempty compact subset B os X and a nonempty com-
pact convex subset K; of X; such that for each z € X \ B, there exists
ay; € K; such that = € intx(S5; o HR)_{;&);
el
(iv) for each y € Y, coS;(y) C Ti(y); and
(V) Y = U{ﬁﬂ-ts-! .(I:‘) T € X‘B}

Then there eaist T = (Z;)ier € X and ¥ = (J;)ier € Y such that g; € Hi(T)
and 7; € Ti(i), for each i € I

14



A AT L MU S TR R R SR 15

Proof. Define two multimaps S, T : X—oX; by

Si(z) = S;o [[ Fi(z) and Ti(z) =T, 0[] Hi(x)
iel i€l
Let € X, by (ii), for each ¢ € T there exists a y € Y such that = €
int([[ Fi) (). Since y € Y, by (v) there exists a z;/ € X; such that y =
el
(y;)ier € intS;™ (z'). Hence

zeint([[F) (y) C mt(ﬂf F) (intS; {(z/)) C ?Zﬂ,t(]_'II F) (S (z))
icl i ic

= int(S, o [[ Fi)~(z) = intS; (a)
il

Sa
Xc U{fﬂfgs“(%’) xi € Xi} C X

Hence we have

X = | JintS; (z:) : z: € X;}

Now we wnat to show that for each i € I and for each = € X, coS;(z) C Ty(x).
Indeed, for each i € I if z; ¢ Ti(z) = T} o [] Hi(x), then z; ¢ Ti(y) for all

il
y € |[ Hi(z). By condition (iv), z; €co(Si(y)) for all y € I] Hi(z), hence
el il
T %C‘)(Si[]__[ H:(m)})
icr

From (i), @; ¢co(S:(]] Fi(x))) —~coS;(z). Therefore for each i € I and for
each z € X, cogi{xiz:i Ti(z). By (iii) for each x € X \ B there exists a
i € K; such that = intx (8) (i)

Hence by Lemma 1, there exists a & = (7;);cr € X such that for each i € I,

7 € Ty(z) = Ty o [ Hila).

el

15
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Therefore there exists a § = (¥;)ics such that foreach i € I, y € HH,-(:F‘:}
iel
and &; € T,(§). Therefore for each i € I, z; € T;(y) and y; € H(Z).

As a simple consequence of Theorem 3.2, we have the following Corollary.

Corollary 3.2. Let {X;} be a family of nonempty compact convex sub-
sets each in t.v.s. F;. {Y;} be a family of nonempty convex subsets each in
tvs. Vi Foreachi e I, let Fy, H,: XY, ; S;, T; : Y—0X, be multimaps.
Suppose that for each i € T,

(i) for each x € X, coFj(x) C H;(z);

(ii) X =U{intF; (y) 1 ys € Yi};

(iii) for each y € Y, coSi(y) < Ti(y);

(iv) ¥ = U{intS; (z;) : 2; € X}

Then there eaist T = (Z;)ier € X and § = (¥;)ier € Y such that y; € H;(z)

and z; € Ti(y), for each ¢ € I.

Proof. Since for each i € I, X; is compact, X = H X, is a compact set.
i=y4
So condition (v) of Theorem 3.2 is automatically true. Hence the conclusion

follows from Theorem 3.2.

As a simple consequence of Corollary 3.2, we have the following Corollary.

16
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Corollary 3.3. Let {X;} be a family of nonempty compact convex sub-
sets each in t.v.s. E;. {¥;} be a family of nonempty convex subsets each in
t.v.s. V. Foreach i € I, let F;: X-oY;; 5;: Y -oX,; be multimaps. Suppose

that for each ¢ € I,

(1) for each z € X, Fi(r) is a nonempty convex set;

(ii) for each y; € Y;, Fi™ () is open;

(ii1) for each y € ¥, Si(y)is a nonempty convex cet; and

(iv) for each x; € X;, S, (z;) is open

Then there eaist & = (Zi)ier € X and § = (i,)ie; € Y such that §; € Fi(T)

and 7; € S;(y), for each i € I.

Remark. If I is singleton, then Corollary 3.3 reduce to Ky Fan coinci-

dence theorem [7].

17



18 fff TEMfEE S

4. Weak constrained Nashed type vector equilibrium theorems.

As applications of system of Coincidence theorem, we establish weak con-

strained Nash type vector equilibrium theorems.

Theorem 4.1. Let { X;} be a family of nonempty compact convex subsets
each in normed space F;. {Y:} be a family of nonempty compact convex
subsets each in normed space V;. {Z;} be a family of real normed space. For
each i € I, D; C Z; be close convex solid cone and D; # Z;. Suppose that
foreachi e [

(i) F;: X x Y;—oZ; is a continuous multimap with compact values;
(ii) for each fixed z € X, y;—Fi(z, ;) is D;-quasiconvex;

(iii) S; : X —oY; with open fibers and for all z € X, Si(x) is a nonempty

convex set;

(iv) T; : Y—oX; is a close multimap such that for all y € ¥V, Ti(y) is a

nonempty convex set and Y = U{intT; (x;) : x; € Xi};

(v) S;is us.c. where gi(:a) = Si(z);

(vi) {P;} is family of continuous monotone strictly increasing function from

Z; — IR, as defined in Lemma 3.

Then there exist £ € X, § € Y and z; € F;(, ;) such that for each 7 € I,
#; € Ti(7) and %; € S;(%) satisfying

18
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(1) Pi(z) < P(z) for all z; € Fi(z,y;) and for all y; € S;(Z);

(2) z — 5 ¢ —intD; for all z; € Fi(%,y;) and for all y; € 5,(%).

Proof. Define H;, : X <Y, by
H;n(z) = {y; € Si(z)|minP, Fi(z,y;) < minP,Fy(z, gz-{:.':)) + %}

Following the same argument as Theorem 8 [12], we show that for eachi € [
and for each x € X H,,(z) is a nonempty set. It follows from (ii) and (iv},
y;i| —oPFi(x,y;) is IR*-quasiconvex, H;,(z) is convex for each i € I and
for each z € X, and H (y;) is open for each i € I and for each y; € Y;.
Therefore X = U{intH_,(y:) : y; € Y;}. Hence by Corollary 2, there exist
2™ = (2 0)ier, §™ = (Pin)icr such that T;, € Ti(3'™), tin € Si(3™),
and

- 1

min P F (2™, ;) < minP F. (2", 5(z™) + - for cach i € I
As in Theorem 8 [12], let z,,, € Fy(z'™ §;,) satisfying
Pi(Z ) = minPF, (2™, §i.n)

Since for each i € I S is compact, and for each i € I F; is u.s.c. with compact
values, it follows lemma 4 that for each i € I, F,(X, 5;(X)) is compact. Since
™ = (Tin)ier € X, F™ = (in)ier € Y and Z, € Fi(z™,5;(2")), there
exist subsequence {Z"™} of {Z™}, {Fin@)} of {Fin} and {Zn} of {Zin},
e X § eV, and z € F(X,5(X)) such that 2" — Z, §; noy — ¥ and

Zin(a) — Z; For each a € T" and for each i € J

_ 1
Pi(Zin(ey) < minPF(z™, §;(2M)) + —.

n(a)
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Letting n{a) — oo,
then by the continuity of the function x — minP; F(r, f_)‘i[l'}) foreach i1 € [,
we have

Pi(%) < minP, F;(x, S;(%)) for each i € 1.
That is,

Pi(z) = minP, Fy(z, Si(z)) for each i € I.
Since T, is closed, &;, € Ti(#™), so z; € Ty(y). By (v), S; is us.c. with
closed values, it follows from Lemma 4 that S; is closed for each i € I,
hence §; € S;(z) for each i € I. Thus for each i € I, there exist ; ¢ i,

F = (T;)ies € X such taht 7; € T)(7), 7; € Si(z) and 2 € Fi(z, ;) satisfying
Pi(3) < Py(z) for all 2 € Fi(%,1;) and for all y; € S;(%)

Since for each i € I, F; is monotone strictly increasing, then
z — % ¢ —intD; for all z; € Fi(Z,y) and for all y; € Si(%)

Remark. In Theorem 4.1, we don’t assume that 5; : X — Y; is an u.s.c.
with closed values and S; (y;) is open for all y; € ¥;. It was pointed by Lin
and Park [11], if we assume this, then S;(z) = Y; for all x € X.

In Theorem 4.1, if F' is single value function, then we have Corollary 4.1.
Corollary 4.1. Let {X,} be a family of nonempty compact convex sub-

sets each in normed space E;. {Y:} be a family of nonempty compact convex

subsets each in normed space V;. {Z;} be a family of real normed space. For

20
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each i € I, D; C Z; be close convex solid cone and D; # Z;. Suppose that
foreach i e I

(i) F;: X xY; — Z; is a continuous multimap with compact values;
(ii) for each fixed = € X, y;| — Fi(z, y;) is Dj-quasiconvex;

(iii) S; : X—oY; with open fibers and for all z € X, S;(x) is a nonempty

convex set;

(iv) T; : Y-—oX, is a close multimap such that for all y € Y, Ti(y) is a

nonempty convex set and Y = U{intT;'(z;) : z; € Xi};
(v) S;is uws.c. where Si(z) = S;(x);

(vi) {F} is family of continuous monotone strictly increasing function from

Z; — IR, as defined in Lemma 3.

Then there exist # € X and § € Y such that for each i € I, &; € Ti(7) and
; € Si(7); and z; € Fy(z,7;) satisfying

(1) Pio Fi(z,5:) < Pio Fi(z,y;) for all y; € Y

(2) Fi(Z,y;) — Fi(Z,5;) ¢ —intD, for all y, € Y.

Now we establish some constrained equilibrium theorms, and apply it to the

constrained Pareto equilibrium and Pareto equilibrium.

21
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Theorem 4.2. Let {X;} and {Y;} be families of nonempty compact
convex subsets each in normed space F; and V; respectively.{Z;} be a family
of real normed space . For each ¢ € I. D; T Z; be close convex solid cone

and D) # Z;. Suppose that for each 7 € [
(i) F;: X % Y;—oZ; is continuous with compact values;
(ii) for each fixed z € X, y;—oFj(r,y;) is D;-convex;

(iii) T; : Y—oX; is a close multimap such that for all y € Y, Ti{y) is a

nonempty convex set and Y = U{intTi (z:) 2 € Xi};
(iv) F, € Dy \ {0}

Then there exist £ € X and g € Y such that for each i € I, z; € T;(y) and

% € Fi(7, ;) satisfying
(1) Pi(z) < Pi(z) for all z; € Fi(%, ;) and for all y; € ¥j;

(2) z— % ¢ —intD; for all z; € Fi(z,y;) and for all y; € Y.

Proof. For each i € I, define 5; : X—o¥; by Si{x) =Y for each x € X,
then for each 4 € I, S; : X—0oY; is a multimap with open fibers and for all
z € X, Si(z) is a convex set. Also S; is u.s.c., then following the same

method of Theorem 4.1, we have the conclusion.

Corollary 4.2. Let {X;} and {Y;} be families of nonempty compact

convex subsets each in normed space F; and V; respectively.{Z;} be a family

22
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of real normed space . Foreach ¢ € I D; C Z; be close convex solid cone and

Dy # Z;. Suppose that foreachz € [
(i) F;: X =Y, — Z, is continuous function;
(ii) for each fixed z € X, y; — Fi(z,y;) is D;-convex;

(iii) 7; : Y-oX; is a close multimap such that for all y € Y, Ti(y) is a

nonempty convex set and Y = [J{intT; (x;) : z; € X;};
(iv) P, e D\ {0}

Then there exist £ € X and y € Y such that for each i € I, #; € Ti(w)

satisfying
(l) Pi < E(xsyi} = P% o Fi(itv yi.] for all i1 € }{é;

(2) Fi(z,y:) — Fi(&,1;) ¢ —intD; for all y; € Y7,

Proof. The conclusion follows immediately from Theorem 4.2 if we let

f’;;(:t?,yg) = {-F-'I(J": y%)}

As application of Theorem 4.2, we have the following vector valued weight

Nash equilibrium theorem.

Theorem 4.3. Let {X;} and {Y;} be families of nonempty compact

convex subsets each in normed space E; and V; respectively. For each i € I,
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let F; : X x Y;—oIR" be payoff function, and there is a weight combination
W = (W,)ies with W; € RS \ {0} . Suppose that for each i & T

(i) F; is continuous with compact values;
(ii) for each fixed x € X, y,—oF(z,y;) is Ei‘—convex;

(iii) T; : Y—oX; is a close multimap such that for all y € Y, Ti(y) is a

nonempty convex set and Y = U{intT, (z;) : z; € X, };

Then there exist £ € X and ¢ € Y such that for each i € I, z; € Ti(y) and

% € Fi(T, §:) satisfying

(Wi, 2) < (W, z) for all z; € Fi(%,y;), and for all y; € Y;

Proof. For each i € I, let Pi(z) = (Wi, z) for all z; ¢ IR*%. Then
P, € D} \ {0} for each i € I. Therefore if we take Z; = IR* and D, = IRY,
then the conditions of Theorem 4.2 are satisfied. Hence we have for each

ic I, % € T,(y) and z, ¢ F;(Z,§;) satisfying

(Wi, z) < (Wi, z) for all z; € Fi(Z,:), and for all ¢, € Y]

As a simple consequence of Theorem 4.3, we have the constrained weight

equilibrium
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Theorem 4.4. Let {X;} and {Y;} be families of nonempty compact
convex subsets each in normed space E; and V; respectively. For each ¢ € [,
let Fj : X % Y; — IR* be payoff function, and there is a weight combination
W = (W,)ie; with W; € IR™ \ {0} . Suppose that for each i € I

(i) F} is a continuous function;
(i1) for each fixed z € X, y; — Fi(z, 1) is IR%_convex;

(iii) T; : Y-—oX, is a close multimap such that for all y € Y, Ti(y) is a

nonempty convex set and Y = U{intT; (z;) : z; € X}

Then there exists at least one constrained weight equilibrium with the weight

combination W = (W, )e;.

Proof. If we take F}(z, y;) = {Fi(z,y;}}, then the conditions of Theorem
4.3 are all satisfied. Hence by Theorem 4.3, there exist # € X and § € Y

such that for each i € I, &; € Ti(§) and
Wio Fi(z,5;) < Wio Fi(Z, 1) forally; € Y;
Therefore (I, ) € X x Y is a constrained weight equilibrium with the weight

combination W = (W),

As the same argument of Theorem 4.4, we have the following constrained

Pareto equilibrium theorem.

Theorem 4.5. Let {X;} and {Y;} be families of nonempty compact

convex subsets each in normed space E; and V; respectively. For each i € I,
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let I, : X x Y; — IRN be payoff function, and there is a weight combination

W = (W,)icr with W, € T% . Suppose that for each i € T
(i) F; is continuous;
(ii) for each fixed = € X, y; — Fi(z, ;) is IR¥-convex;

(iii) T; : Y—oX; is a close multimap such that for all y € Y, Ti(y) is a

nonempty convex set and ¥ = U{intT; (a;) : x; € X;};

Then for each ¢ € I, z; € T;(y) and there exists at least one weak constrained
Pareto equilibrium.Furthermore, if W, & inﬂ"f" for each ¢« € I, then there

exists at least one constrained Pareto equilibrium.

Proof. The proof follows immediately from Lemma 2.1 [18] and Theorem

4.4.

Remark. In Theorem 4.4 and 4.5, if we let X = X%, {Y¥;} = {X,} and
T;: X* — X, by Ti(z") = X, for all z* € X?, then Theorem 4.4 and 4.5 can
be reduce to the Pareto [resp. weak Pareto| equilibrium theorem with non-
constrained cases. Furthermore, if the payoff function is real single-valued,

then our problem can be reduced to the Nash equilibrium problem.
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