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Abstract

A large number of iterations in the n-fold morphological operation results in a bottleneck in the real-time

implementation. Recursive morphology can be used to solve the iterative processing problem by few

scans. However, structuring elements with opposite points about the origin are not sequentially

computable, they can' t be applied in the recursive operation. Therefore, a non-sequentially computable

structuring element must be decomposed into a set of sequentially computable structuring elements for

the recursive morphology. This problem can be solved by the union-form decomposition method

proposed in this paper. According the method, every structuring element containing the origin can be

decomposed into a set of two-point structuring elements. This decomposition is significant

because it has the simplest data dependence that offers advantages in processor assignment and the

scheduling, thus reducing computation time and hardware cost. The distance transform, which can

be implemented by the n-fold erosion when the value of n is large enough that the image of interest

occurs idempotence, is taken as a design example for modular systolic arrays of the recursive morphology.

For the same example, the speed of our design is 3 times and the cost is 2/3 times that of the existing

design.

Key words: Morphological operation, Structuring element decomposition, Systolic array. 

I. INTRODUCTION

Morphological Operations are widely used in image processing applications for noise suppression,

image enhancement, feature extraction, thinning, shape recognition, etc. Erosion and dilation are two

elementary morphological operations since other morphological filters, such as openings and closings,

are constructed from them.

Recursive morphology can be used to avoid the iterative processing in the distance transform

[1]-[3]. Successive iterative morphological erosions on a binary image with distance structuring elements
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produces the distance transform of the image. All distance structuring elements must satisfy the constraints

of distance measures, i.e., positive definite, symmetrical and the triangle inequality. The number of

iterations in a distance transform is proportional to the object size within the input image. In worst

case, M/2 iterations are required for an M M input image. It results in a bottleneck in the real-time

implementation. To avoid iteration, the recursive morphological operation, which requires only few

scans of the image, is employed. In this case, the distance transform becomes independent of the object

size. For a recursive morphological operator, every pixel in the destination image is a function of both

the central pixel (the normal pixel) that lies on the origin of the structuring element in the source image,

and the pixels (the recursive pixels) that lie within the domain of the structuring element except for

the central pixel in the destination image. Associated with a particular recursive morphological operator

there is a particular scan order of the input pixels. This scan order governs the order where the operator

is to be applied. The well known algorithm proposed by Rosenfeld, Pfalz [4] and G. Borgefors [5] is

a two-pass operation using two complementary raster scans: the first pass goes from pixel to pixel in

a top-to-bottom and left-to-right sequence (forward pass), and the second pass goes in the reverse

direction (backward pass). In each pass, a subset of the structuring element of each pixel is examined,

and a recursive operator is applied. 

A systolic array is a network of processors which rhythmically computes and passes data through

the system [6]. The data move through the processors in a rhythmic fashion and very simple operations

are performed on them. The systolic architecture has the advantages of modularity, regularity, local

interconnection, a high degree of pipelining and very amenable to VLSI implementation. Mapping an

algorithm onto a systolic array [7] consists of two major tasks mapping the algorithm to a dependence

graph (DG) and mapping DG to a systolic array. A DG can be considered as the graphical representation

of a single assignment algorithm in which every variable is assigned one value only during the execution

of the algorithm. A complete DG specifies all the dependencies between all variables in the index space.

An algorithm is sequentially computable if and only if the complete DG contains no loops or cycles

[7]. There are two basic considerations for mapping a DG to a systolic array in order to obtain an efficient

architecture in both hardware and speed. One is the processor assignment and the other is the scheduling.

The processor assignment specifies the nodes of DG in a certain straight line to a processing element

(PE). The schedule vector assigns the nodes of the same schedule hyperplane to be computed at the

same clock cycle. In fact, every permissible schedule vector decides a scan order mentioned above

of a recursive operator. The processor assignment and scheduling must satisfy that any edges of DG

will have one or more than one delays and nodes on equitemporal hyperplanes are not projected to

the same PE. There is no permissible linear schedule vector if the DG contains any loops or cycles. 

Structuring elements with opposite points about their origin are not sequentially computable,

since their corresponding DGs have loops or cycles. Therefore, they must be decomposed into smaller
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sequentially computable structuring elements when a recursive operator is applied. Becides, a structuring

element must be decomposed if its domain is too large to handle in one stage. A large number of methods

about structuring element decomposition have been proposed in the literature [8]-[15]. In this paper,

it will be shown that the structuring element can be decomposed into a sequence of subsets whose union

is equal to the structure element itself for recursive morphological operations, in which the structure

element and all subsets contain the origin. This is to say that the structuring element decomposition

can be replaced as

(1)

for recursive morphology, where B is the structuring element and  Bi ,  i = 1,2, ,N  are smaller

sequentially computable structuring elements. This result indicates that a two-point structuring element

decomposition involving only Bi , to which the origin belongs, can be obtained. The two-point

decomposition is important because it has the simplest data dependence offering advantages in

processor assignment and the scheduling. This can lead to the reduction of computation time and

hardware cost. By the proposed method, the structure of every PE for the recursive dilation/erosion

operation with any size or shape of structuring element can be implemented by a shift register, an

adder/subtracter and a maximum/minimum operator. The above two-pass raster scans can be modified

into a four-pass operation using two complementary horizontal line scans and two complementary

vertical line scans. The first pass of the horizontal line scans goes from line to line in a left to right

sequence, and the second pass goes from right to left. The first pass of the vertical line scans goes from

line to line in a top to bottom sequence, and the second pass goes in the reverse direction.

In reference [1], the canonical two-pass algorithm is adopted to design a pipeline architecture

for recursive morphological operations. In their design, for an  M M image with  3 3 square structuring

element, M processing elements are required to form a systolic array for processing the whole image.

The number of PE can be reduced to a half if a feedback path from the output of the              th PE is

provided to the input of the first PE. Each PE is realized by six sets of an adder cascaded by a camparator.

The total execution time of their systolic array for two scans of the whole image is  8M + 4 (M-1)

and the duration of a clock cycle is equal to the delays of one comparator plus one adder. This design

is not a modular systolic array. In this paper, the proposed two-point decomposition is applied to

design modular systolic arrays. For the same input image size and structuring element, the speed of

our design is 3 times and it cost is 2/3 times that of the systolic array designed in [1].

In the next section, we will review the definitions and some well-known properties of the basic

morphological operations. In Section III, the union-form decomposition for the recursive morphology

is developed, and then verified by the concept of vector space. In Section IV, we will review the

well-known distance transform and its relationship to the n-fold erosion. In Section V, The distance

B = B1 B2 BN

M / 2
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transform is taken as a design example to design the modular systolic array. The distance structuring

element of interest is first decomposed into a set of two-point structuring element by the proposed

union-form decomposition. Then, the resulting two-point set is applied to design the hardware

architecture. Finally, in Section VI, conclusions are given.

II.  BRIEF REVIEW OF MATHEMATICAL MORPHOLOGY

In this section, some essential properties of mathematical morphology related to this paper will

be briefly reviewed, and the details can be found in [16], [17]

Definition 1: The translation of a set                by a point               is denoted by        and is

defined by

Geometrically,        is A translated along vector x.

Definition 2: The dilation of a set                  by a set                   is denoted by                  and is

defined by

where A is the input image and B is the structuring element.               is the set of all possible vector

sums of pair elements: one coming from A and the other coming from B. Thus, dilation operations

are commutative and associative:                             and                                         .

Definition 3: The erosion of a set                by a set                is denoted by           and is defined

by

consists of all points x for which the translation of B by x fits inside of A. Erosion is the morphological

dual of dilation and has the iterative property:                                      . Rather than eroded by

whose size might be too large, A is iteratively eroded by B and then by C. 

Morphological operations can be defined in both the binary domain and in the gray-scale domain.

The processes of erosion and dilation in the gray-scale domain are the same as convolution and correlation

if the multiplication and summation are replaced by subtraction (addition) and minimum (maximum)

selection.

Definition 4: Let                    ,                  and                  . The gray-scale dilation of a signal f

by a structuring element k is denoted by                                            and is defined by

Definition 5: The gray-scale erosion of a signal  f by a structuring element k is denoted by ,    

A     Z m

A     Z m

F, K,    Z m f :F Z k :K Z 

f     k ,  f     k : F    K Z 

B     Z m

A     Z m B     Z m

X Z m

AX =  a+X a    A

AX

AX

A B =  a+b a    A and b    B

A B 

A B = B A B    C A B C

B C 

A B 

A B 

( f k )( X ) = max   f ( X-Z ) + k ( Z )

A B =  X BX A

A B    C A B C

A B 

f k 

X-Z F
Z K
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and is defined by

There is a close relationship between the gray-scale and the binary morphology. This relationship

is formalized by the umbra transform. The importance of the umbra in mathematical morphology is

that it provides a mechanism for expressing gray-scale operations in terms of binary operations. 

Definition 6: The umbra of f consists of all points in the space lying beneath the graph of f, including

the points on the graph itself. It is denoted by             and is defined by

where             is a subset space of  F Z .

Definition 7: The top surface of a set                         is denoted by             and is defined by

for any signal f, the top surface of its umbra is the signal f itself, namely,

(2)

Regarding dilation and erosion, there are two fundamental umbra proposition relating binary and

gray-scale morphology.

(3)

(4)

Gray-scale dilation (or erosion) can be performed by taking the umbra of the signal and the structuring

element, performing a binary dilation (or erosion) using these umbra, and then taking the top surface

of the result.

Definition 8: The n-fold dilation of a set B is denoted by nB and is defined by

nB is extensive under increasing n when B contains the origin. If B can be decomposed into  B1  and ,

B2 , i.e.,  B = B1 B2 ,then

(5)

According to the commutative and associative properties of the dilation operation, the n-fold dilation

and erosion operations have the same properties as the dilation and erosion operations as follows

( f k )( X ) = min   f ( X-Z ) + k ( Z )

f k : F    K Z

Z K

f k = T  U   f U  k

U f

T A

U f

U f =   (X,Y) X      F and Y      f (X)

T A =   (X,Y) A Y       Z for any (X,Y) A

T U  f = f

A     Z m Z

f k = T  U   f U  k

nB = B     B    B
n

nB = ( B1 B2 ) ( B1 B2 )    ( B1 B2 )
2n

= ( B1 B1 B1 )    ( B2 B2 B2 )
n

= nB1 nB2

n
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(6)

(7)

Rather than dilated or eroded by nB, in which B might be non-sequentially computable, A is dilated

or eroded iteratively by n B1 and then by n B2 , where both B1 and B2 are sequentially computable.

Definition 9: Let I denotes the domain of the image of interest. The n-fold dilation is said to be

idempotent within the image of interest if, for any set B,

III.  THE UNION-FORM STRUCTURING ELEMENT
DECOMPOSITION

An n-fold morphological operation has an one-pass recursive form if its structuring element is

sequentially computable. The one-pass recursive form is equivalent to the n-fold morphological operation

when the value of n is large enough that the iteration of the morphological operation over the image

occurs idempotence. For a binary operation with any n value, the n-fold morphological operation can

be solved by a threshold operation after the computation of the recursive form has been completed [2].

Some sequentially computable structuring elements are shown in Fig. 1. If a structuring element is not

a sequentially computable it can be decomposed into two or more smaller sequentially computable

structuring elements. According to Eqs. (6) and (7), the n-fold morphological operation have an n-pass

form and is based on a few passes of the operation over the image. This reduces the computation complexity

of the n-fold morphological operation from  O( nM 2 )  to  O( M 2 )  for an  M M input image.

The structuring element decomposition problem can be solved by tree searching algorithms with

some constraints including translation constraints, opening constraints and functional value constraints

for a gray-scale structuring element decomposition [13]. Specially, it must satisfy the sequentially

computable constraints for the n-fold morphological operation. It is observed that not any structuring

elements can be decomposed under the above constraints. The problem can be solved by the union-

form structuring element decomposition. In this section, the union-form structuring element decomposition

is proposed and verified.

Proposition 1: Let              . The n-fold dilation nB, for any set B containing the origin, decides

a subset vector space of  Z m , where every member belonging to the subset vector space is a linear

combination of the position vectors of the points within B except for the origin with non-negative integer

coefficients whose summation is equal to or less than the value of n, that is

A    nB =   A    B      B      B

=   A    nB1 nB2

A    nB =   A    B      B  B

=   A    nB1 nB2

I     nB = I     (n-1) B.

B     Z m
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where L is the number of points within B,  ci is a non-negative integer coefficient,  i    is the position

vector of a point within B and  o is denoted as the origin of B.

Proof: The proof follows easily from Definition 2. 

(8)

Since  ci is a non-negative integer and                    , we have  ci and

(9)

Extending this result to nB, we have  ci and

(10)

Proposition 2: Let                denote the domain of the image of interest. When n is large enough

that the iteration of the morphological operation over the image occurs idempotence, the vector space

of nB within I is a linear combination of the position vectors of the points within B.

Proof: When n is large enough that the iteration of the morphological operation over the image

satisfies idempotence, the condition                    can be eliminated, that is

(11)

Since  0 denotes the origin of B, we have

(12)

and the vector space within the image is

(13)

Proposition 3: For the n-fold dilation when the image occurs idempotence, those points within

nB =       ci i ci        n and i  B
L-1

i-1

L-1

i-1

2B =       ci i ci        2 and i  B
L-1

i-1

L-1

i-1

nB =       ci i ci        n and i  B
L-1

i=1

L-1

i=1

lim nB =        ci i i B
L-1

i=1
n

lim nB =        ci i i B
L-1

i=0
n

lim nB =               ci i i B
L-1

i=0
n

=       ci i ci        2 and i  B
L-1

i-0

ci = 2
L-1

i-0

ci n
L-1

i-1

L-1

i-0

2B = B B

0 , 2

0 , n

I     Z m

I I
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B are redundant points if its position vector is the linear combination of the position vector of the other

points within B, since both the set of B and the set of B but redundant points decide the same vector

space within the image I.

Definition 10: For the n-fold dilation when the image occurs idempotence, The points of B but

redundant points can be defined as the bases which decide the vector space of nB within the image I.

Proposition 4: Let                          and ,                           both  B1 and  B2 contain the origin 0 .

For the n-fold dilation when the image occurs idempotence, B and       have the same bases.

Proof: From the definition of dilation

(14)

This result indicates that   B     B and the points belonging to   B  - B are redundant points for the

n-fold dilation when the image occurs idempotence, since they are vector sums, linear combinations

with non-negative integer coefficients, of pair elements coming from B. Therefore,  B and  B have

the same bases.

Proposition 5: Let I denote the domain of the image of interest,                         and                         ,

both  B1 and  B2 contain the origin 0 . For the n-fold dilation when the image occurs idempotence,

B and  B  decide the same vector space within the image I , i.e., 

Proposition 6: For the n-fold dilation when the image occurs idempotence, the structuring element

decomposition can be replaced by the union-form decomposition as the following

where

The proposition can be extended as the following

(15)

where

The importance of Proposition 6 is that a structuring element, sequentially computable or non-sequentially

=  i + j   i B1 and j B2

= B1 B2 i + j   i B1 , j B2 and  i , j = 0

=  i i B1 j j B2

i + j   i B1 , j          B2 and  i , j = 0

lim nB =
n

lim nB
n

I I

B = B1 B2

B = B1 B2

B = B1 B2'

B '

B = B1 B2'

' '

'

'

'

lim nB =
n

lim n( B1 B2 ) = lim ( nB1 nB2 )
n n

lim nB =
n

'

B = B1 B2'

B = B1 B2

B = B1 B2 BN

lim nB =
n

lim n( B1 B2 BN )
n

lim nB =
n

'

= lim ( nB1 nB2 nBN )
n

= B i + j   i B1 , j B2 and  i , j = 0
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computable, containing the origin and the number of points within the structuring element is larger

than two, can be decomposed into two or more smaller sequentially computable structuring elements

containing the origin by the proposed union-form decomposition. Consequently, a two-point structuring

element decomposition involves only  Bi  , including the origin, can be obtained.

According to the umbra transform reviewed in Section II, all the propositions developed in this

section can be applied to gray-scale morphology. Similarly, any gray-scale structuring element containing

the origin can be decomposed into a set of two-point structuring elements for a n-fold morphological

operation when the image occurs idempotence. For example, the  3 3  square structuring element

which is not sequentially computable can be decomposed into eight two-point structuring elements

as shown in Fig. 2, in which every two-point structuring element consists of the origin whose value

is equal to zero, and one of the other points within the original  3 3  square structuring element. Although

the dilation of the eight two-point structuring elements is not equal to the original  3 3  square structuring

element as shown in Fig. 3, it has the same bases as and contains the original  3 3  square structuring

element. For convenience, the results of the 2-fold dilation of them are shown in Figs. 4 (a) and (b).

Let the image of interest is the n-fold dilation of the original  3 3  square structuring element, it is

observed that the union-form decomposition has the same result within the domain of the image of

interest.

IV.  DISTANCE TRANSFORMS

Consider a binary image consisting of object pixels and background pixels. Distance transforms

produce a mapping from double-valued image, where background pixels are identified with value 0

and object pixels with value , to a gray-scale image where every pixel has a value proportional to

its distance to the nearest background pixel in the original image. The distance transform has been

widely used in shape analysis and skeletonization [18]-[21].

Distance transforms can be implemented by eroding the double-valued image by a large conical

structuring element, its diameter must be greater than the largest distance existing in the image of interest.

Such an erosion is basically a global operation which is prohibitively costly and unsuitable for VLSI

implementation. Erosion and dilation with a large conical structuring element can be implemented as

iterative operations with a distance structuring element which consider only the local neighborhood

but still give a reasonable approximation to the Euclidean distance. When a binary-valued image is

eroded by a local distance structuring element, the first iteration builds only a thin ring around the

background. Every successive iteration adds the same wide ring around the one built by the previous

erosion. The iterative erosion is continued until the rings fill all the object pixels. If eroding the image
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further will not modify the results anymore; idempotence is then reached [22]. This gives a simple

stopping criterion: the algorithm may be stopped when no pixels are modified at some iteration. The

number of iteration is proportional to the greatest distance in the image of interest. In worst case, it

is equal to M/2 for an M M input image. 

A distance structuring element is defined by the local distance between the origin and all the pixels

in a small neighborhood around it. The values of the distance structuring element are selected to be

negative of the associated distance measures because the erosion is the minimum selection after the

subtraction is applied. The 3 3  and 5 5  distance structuring elements are shown in Fig. 5. The most

common values of a, b and c for various distance transforms are listed in Table 1. Maximum errors

that can occur between the distance transforms and the Euclidean distance are also listed [23], [24].

V.  MODULAR SYSTOLIC REALIZATION

According to the proposed union-form decomposition, a set of two-point structuring elements

can be obtained for the recursive morphology. In this section, this two-point set decomposition is applied

to derive modular systolic arrays. For convenience, the distance transforms with 5 5  distance structuring

element reviewed in the previous section are taken as a sign example. 

A.  Dependence Graphs

In the follow, we derive DG for the proposed two-point decomposition in the context of the distance

transform. The resulting decomposition of the  5 5  distance structuring element consists of sixteen

two-point structuring elements. They can be classified into four classes by their data dependence.

The part of the horizontal line scan goes from left to right is shown in Fig. 6, the others of the rest line

scans have the similar form and are neglected. According to the definition of erosion, the corresponding

recursive algorithm of distance transforms can be represented as follows

For x from 1 to M

For y from 1 to M

(16)

(17)

(18)

(19)

where                 and               denote the input and resulting images, respectively, when the kth two-

point structuring element is executed, and               is the original input binary image. The execution

order k of two-point structuring elements can be selected randomly since dilation operations are

f 1 X,Y = min f 0 X,Y , f 1 X-1,Y + a

f 2 X,Y = min f 1 X,Y , f 2 X-1,Y-1 + b

f 3 X,Y = min f 2 X,Y , f 3 X-2,Y-1 + c

f 4 X,Y = min f 3 X,Y , f 4 X-2,Y+1 + c

f k-1 X,Y f k X,Y

f 0 X,Y
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commutative, but we assign an order for easy presentation in the above algorithm. This algorithm

has been converted to a single assignment form by introducing the execution order k. The algorithm

can be directly mapped onto the DG shown in Fig. 7 for the M=4 case, with each xy-plane drawn

separately. What should have been included but not drawn are the dependence lines in the k-direction

that run from points (x, y, k-1) to (x, y, k).

B.  Mapping Dependence Graphs to Systolic Arrays

The DG in Fig. 7 is not totally regular since the dependence of each xy-plane is different, but it

is directionally shift invariant and has the x-direction dependence component for each ij-plane, we can

project it directly. In the following, we will use the algebraic approach [7] to determine the systolic

schedule vector      and the projection vector      . A valid systolic schedule vector      and projection

vector      should satisfy the following constraints 

> 0; and         > 0                                                                                (20)

where      denotes a dependence vector in DG. There are five dependence vectors of the proposed DG,

, ,     , as displayed below.

(21)

The minimum computation time solution for under the above constraints is

(22)

The minimum computation time T of every  5 5  line scan for the  distance structuring element is

(23)

and it is M+2 for the  3 3  distance structuring element, .i.e., The total computation time is  4 (M+4)

for the  5 5  distance structuring element and is  4 (M+2)  for the  3 3  distance structuring element.

From observation, we see that the projection in x-direction is the simplest one. The pipelining period

and the number of I/O pins of the resulting systolic are 1 and 2M, respectively. With      and      defined,

we can find, the projected edge        for the edge       in the systolic array are:

(24)

and the delays on the edges given by                          is

(25)

s

s

s

sd

s d

d

ei
T s dT

s ei
T

ei ei
'

s T

ei

e1

e1 e2 e3 e4 e5

e5

=   0   1   1  -1   0

=  1   0   1

2   1   2   2   0

0   0   0   0   1

M - 1
M - 1

4

e1 e2 e3 e4 e5 0   0   0   0   1
0   1   1  -1   0

T =  1   0   1               + 1 = M + 4

=

=

'

e1
'

' ' ' '

1   1   2   2   1=

D

e1
'D e2

'D e3
'D e4

'D e5
'D



13

191

With nodes determined by the projection in the x-direction and the edges and delays determined above,

we are able to draw the systolic array shown in Fig. 8. The systolic array in Fig. 8 can be separated

into three modules, which are a- b-, and c-modules, shown as Fig. 9. Only a-module is required to

implement the city-block distance transform, and the combination of a-module and b-module as shown

in Fig. 10 can implement the distance transforms with a  3 3  distance structuring element. Figure 11

shows the detail circuit of the systolic array resulted from Fig. 10. The clock cycle of the proposed

systolic array is equal to the computation time of an adder plus a minimum selection. There are many

methods to obtain high speed adders and comparators [25], [26]. For the same input image size and

structuring element, the speed of the proposed systolic array is 3 times and its cost is 2/3 times that of

the systolic array designed in [1].

VI.  CONCLUSION

There are two major contributions for the recursive morphology in this paper. One is the derivation

of the union-form structuring element decomposition, and the other is the design of a modular systolic

array using the proposed decomposition. This result solves the problem that not any structuring element

can be decomposed under the opening constraint, the functional value constraint and the sequentially

computable constraint. According the proposed union-form decomposition, a set of two-point structuring

element containing the origin can be obtained. By applying this two-point set, several modules of linear

systolic arrays have been designed. Recursive dilation and erosion operations with any shape and size

can be implemented by the combination of these modules.
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Table 1 Maximum errors that can occur between the distance transforms and the Euclidean distance.

Fig. 1 Several sequentially computable structuring elements.

Fig. 2 An example of the proposed union-form decomposition of the structuring element.
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Fig. 3 The dilation result of the eight two-point structuring elements obtained from Fig. 2.

(a)

(b)

Fig. 4 (a) The results of the 2-fold dilation of the original  3 3  square structuring element, (b) the

results of the 2-fold dilation of the structuring element resulted from Fig. 3.
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Fig. 5 Structuring elements for distance transformation.

Fig. 6 Partial decomposed two-point structuring elements of the horizontal line scan goes from left

to right of the 5 5  distance-structuring element.

Fig. 7 Dependence arcs in ij-plane in DG for the case M=4.
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Fig. 8 The resulting systolic array of distance transforms with the 5 5  distance structuring element.

Fig. 9 Three systolic modules separated from Fig. 8.
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Fig. 10 The resulting systolic array of distance transforms with the  3 3  distance structuring element.

Fig. 11 The detail circuit of the systolic array of distance transforms with the  3 3  distance structuring

element.
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